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ZARISKI DENSITY OF POINTS WITH MAXIMAL
ARITHMETIC DEGREE
KAORU SANO AND TAKAHIRO SHIBATA
Abstract. Given a dominant rational self-map on a projective
variety over a number field, we can define the arithmetic degree at
a rational point. It is known that the arithmetic degree at any point
is less than or equal to the first dynamical degree. In this article, we
show that there are densely many Q-rational points with maximal
arithmetic degree (i.e. whose arithmetic degree is equal to the first
dynamical degree) for self-morphisms on projective varieties. For
unirational varieties and abelian varieties, we show that there are
densely many rational points with maximal arithmetic degree over
a sufficiently large number field. We also give a generalization of a
result of Kawaguchi and Silverman in the appendix.
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1. Introduction
Let X be a projective variety over a number field K and f : X 99K X
a dominant rational map over K. Then we can define two dynamical
invariants; the first dynamical degree δf and the arithmetic degree αf(x)
at a point x ∈ X(K). First dynamical degrees are geometric invari-
ants defined by using intersection numbers, while arithmetic degrees
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are arithmetic invariants defined by using height functions. For the
definitions, see Notation and Conventions below.
Relationships of those two invariants have been studied in several
papers. The following result due to Kawaguchi–Silverman and Mat-
suzawa is fundamental.
Theorem 1.1 ([KS16a, Theorem 26], [Mat16, Theorem 1.4]). Let X be
a projective variety over a number field K and f : X 99K X a dominant
rational map. Then we have αf (x) ≤ δf for any x ∈ X(K).
For the precise meanings of the symbols above, see Notation and
Conventions below. If a point x ∈ X(K) satisfies αf(x) = δf , we say
that x has maximal arithmetic degree. Our next concern is how ratio-
nal points with maximal/non-maximal arithmetic degrees distribute.
On the distribution of points with non-maximal arithmetic degrees,
[MMSZ20] gave the following conjecture.
Conjecture 1.2 ([MMSZ20, Conjecture 1.4]). Let X be a projective
variety over a number field K, f : X → X a surjective morphism, and
d > 0. Then the set
Zf(d) = {x ∈ X(K) | [K(x) : K] ≤ d, αf (x) < δf}
is not Zariski dense.
Example 1.3. Let f : PmK → PmK be a surjective endomorphism of
degree > 1 on a projective space over a number field K. Using the
canonical height function, it follows that αf (x) < δf if and only if x
is f -preperiodic for x ∈ Pm(K). We can also see that Zf (d) is a finite
set for any d > 0, by the Northcott property of the canonical height
function (cf. [CS93]). On the other hand, Pm(K) \ Zf(d) is Zariski
dense.
Conjecture 1.2 are verified in many cases in [MMSZ20]. Roughly
speaking, Conjecture 1.2 says that the set of points of non-maximal
arithmetic degrees is small.
On the other hand, the set of points with maximal arithmetic degree
should be large compared to the set of points of non-maximal arithmetic
degrees. To be precise, we study the following question.
Definition 1.4. Let X be a projective variety and f : X 99K X a
dominant rational map over a number field K with δf > 1. Fix an
algebraic closure K of K and let K ⊂ L ⊂ K be an intermediate field.
We say that (X, f) has densely many L-rational points with maximal
arithmetic degree if there is a subset S ⊂ Xf(L) satisfying the following
conditions.
ZARISKI DENSITY OF POINTS 3
(1) S is Zariski dense.
(2) αf (x) exists and αf(x) = δf for any x ∈ S.
(3) Of(x) ∩Of(y) = ∅ for any distinct two points x, y ∈ S.
Question 1.5. Notation is as in Definition 1.4. Does (X, f) have
densely many K-rational points with maximal arithmetic degree?
Remark 1.6. If we have a point x ∈ X(K) such that αf(x) = δf and
Of(x) is Zariski dense, then S = Of(x) satisfies (1) and (2) above. But
our concern here is whether we can take a Zariski dense subset of points
with maximal arithmetic degree which have pairwise disjoint orbits, so
the existence of such a point does not satisfy all the claims.
Remark 1.7. Assume δf = 1. Then all points have maximal arith-
metic degree, but the question is not trivial. In this paper we treat
only the case when δf > 1.
Kawaguchi and Silverman [KS14] first studied this problem. They
showed that the question is affirmative for special endomorphisms on
the affine plane A2K ([KS14, Theorem 3]), although its proof is not fully
written. For details, see the appendix. Matsuzawa and the authors
[MSS18a] gave an affirmative answer for automorphisms on smooth
projective varieties (cf. [MSS18a, Theorem 1.7]).
Our first result is an affirmative answer to Question 1.5 for the self-
morphism case:
Theorem 1.8. Let X be a projective variety and f : X → X a sur-
jective morphism over a number field K with δf > 1. Then (X, f) has
densely many K-rational points with maximal arithmetic degree.
Next, we will study a stronger version of Question 1.5 for varieties
which have many rational points. A variety X over a number field K
is called potentially dense if there is a finite extension field L ⊃ K
such that X(L) is Zariski dense. For potentially dense varieties, we
can consider the following.
Question 1.9. Let X be a projective variety over a number field K
which is potentially dense and f : X 99K X a dominant rational map
over K with δf > 1. Is there a finite extension field L ⊃ K such
that (X, f) has densely many L-rational points with maximal arithmetic
degree?
First we consider unirational varieties:
Definition 1.10. A projective variety X over a field K is unirational
if there is a dominant rational map φ : PdK 99K X from a projective
space to X .
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We give an affirmative answer for unirational varieties:
Theorem 1.11. Let X be a unirational projective variety over a num-
ber field K and f : X → X a surjective morphism with δf > 1. Then
(X, f) has densely many K-rational points with maximal arithmetic
degree.
Other typical examples of potentially dense varieties are abelian va-
rieties (cf. Theorem 2.6). We can also give an affirmative answer for
abelian varieties:
Theorem 1.12. Let A be an abelian variety over a number field K and
f : A→ A a surjective morphism with δf > 1. Then there exist a finite
extension field L ⊃ K such that (A, f) has densely many L-rational
points with maximal arithmetic degree.
This paper is organized as follows. In Section 2, we collect notation,
conventions, and results needed later. Theorem 1.8 is proved in Section
3. Unirational varieties and abelian varieties are studied in Section 4
and Section 5, respectively. We study P1-bundles over elliptic curves
as a third type of examples of potentially dense varieties. Finally, in
the appendix, we give an affirmative answer to Question 1.9 for special
self-morphisms on A2, which is a generalization of [KS14, Theorem 3].
Acknowledgments. The first author is supported by JSPS KAK-
ENHI Grant Number JP20K14300. The second author is supported
by a Research Fellowship of NUS. The authors thank Professors Shu
Kawaguchi, Joseph Silverman, and De-Qi Zhang for helpful comments.
2. Preliminaries
Notation and Conventions.
• Throughout this article, we work over a fixed number field K.
We fix an algebraic closure K of K.
• A variety means a geometrically integral separated scheme of
finite type over K.
• The symbols ∼ (resp. ∼Q, ∼R) and ≡ mean the linear equiva-
lence (resp. Q-linear equivalence, R-linear equivalence) and the
numerical equivalence on divisors.
• Let K = Q,R or C. For a K-linear endomorphism φ : V → V
on a K-vector space V , ρ(φ) denotes the spectral radius of f ,
that is, the maximum of absolute values of eigenvalues (in C)
of φ.
ZARISKI DENSITY OF POINTS 5
• Let X be a projective variety and f : X 99K X be a dominant
rational map. We define the first dynamical degree δf of f as
δf = lim
n→∞
((fn)∗H ·HdimX−1)1/n.
• Let X be a projective variety. For an R-Cartier divisor D on X ,
a function hD : X(K)→ R is determined up to the difference of
a bounded function. hD is called the height function associated
to D. For definition and properties of height functions, see
e.g. [HS00, Part B] or [Lan83, Chapter 3].
• Let X be a projective variety and f : X 99K X a dominant
rational map. Fix an ample height function hH ≥ 1 on X .
(1) For any field L ⊂ K, set
Xf(L) = {x ∈ X(L) | fn(x) 6∈ If for every n ∈ Z≥0}.
(2) For x ∈ Xf(K), we define
αf (x) = lim sup
n→∞
hH(f
n(x))1/n,
αf(x) = lim inf
n→∞
hH(f
n(x))1/n,
which we call the upper arithmetic degree of f at x, lower
arithmetic degree of f at x, respectively. If αf(x) = αf(x),
then we set αf(x) = αf(x) and we call it the arithmetic
degree of f at x (cf. [KS16a]).
(3) Assume thatX is normal and f is a morphism. Then αf(x)
exists for every x ∈ X(K) (cf. [KS16b]).
• Let f, g : R→ R be functions and a ∈ R ∪ {±∞}. Then
f(x) ∼ g(x) (x→ a)
means that limx→a
f(x)
g(x)
= 1.
• For a, b ∈ R, we set AP(a, b) = {a+ bn | n ∈ Z≥0}.
We recall some important results needed for our main theorems. The
following two results enable us to use nef canonical heights in general
setting.
Theorem 2.1 (cf. [MMSZZ20, Theorem 6.4 (1)]). Let X be a projective
variety and f : X → X a surjective morphism.
(1) There exists a nef R-Cartier divisor D on X such that D 6≡ 0
and f ∗D ≡ δfD.
(2) Assume that X is normal. Let D be an R-Cartier divisor on X
such that f ∗D ≡ δfD. Then there exists an R-Cartier divisor
D′ such that D′ ≡ D and f ∗D′ ∼R δfD′.
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Theorem 2.2 (cf. [CS93, Theorem 1.1]). Let X be a projective variety,
f : X → X a surjective morphism, and D an R-Cartier divisor on X
such that f ∗D ∼R λD with λ > 1. Take a height function hD associated
to D.
(1) The limit
ĥD,f(x) = lim
n→∞
hD(f
n(x))
λn
converges for any x ∈ X(K).
(2) ĥD,f = hD +O(1).
(3) ĥD,f ◦ f = λĥD,f .
(4) If ĥD,f(x) > 0, then αf (x) ≥ λ.
Lemma 2.3. Let X, Y be projective varieties and f : X → X, g : Y →
Y surjective morphisms. Let π : X → Y be a finite surjective morphism
such that g ◦ π = π ◦ f . Take an intermediate field K ⊂ L ⊂ K.
If (X, f) has densely many L-rational points with maximal arithmetic
degree, then (Y, g) has densely many L-rational points with maximal
arithmetic degree.
Proof. Let S ⊂ X(L) be a Zariski dense subset such that
• αf (x) = δf for x ∈ S.
• Of(x) ∩Of(x′) = ∅ for x, x′ ∈ S with x 6= x′.
Let {Yn}∞n=1 be the set of proper closed subsets of YK . Assume that we
have x1, . . . , xk ∈ S such that
• π(xi) 6∈ Yi for 1 ≤ i ≤ k.
• Og(π(xi)) ∩ Og(π(xj)) = ∅ for 1 ≤ i, j ≤ k with i 6= j.
Now there are infinitely many points in S which are not contained in
π−1(Yk+1).
Suppose that the g-orbit of any y ∈ π(S) \ Yk+1 intersects Og(π(xi))
for some 1 ≤ i ≤ k. Then we have a infinite subset S ′ ⊂ S \ π−1(Yk+1)
and some 1 ≤ i ≤ k such that Og(π(x)) ∩ Og(π(xi)) 6= ∅ for any
x ∈ S ′. This implies that Of(x) ∩ Of(x′) 6= ∅ for some x, x′ ∈ S ′
with x 6= x′, a contradiction. So we have xk+1 ∈ S \ Yk+1 such that
Og(π(xk+1)) ∩ Og(π(xi)) = ∅ for 1 ≤ i ≤ k. Continuing this process,
the assertion follows. 
We will use the following estimate of the number of rational points
of bounded heights on a projective space.
Theorem 2.4 (cf. [Sch64], [HS00, Theorem B.6.2]). Let H be the ab-
solute multiplicative natural height function on PNK. Then there exists
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a constant C = C(K,N) > 0 such that
|{x ∈ PN(K) | H(x) < T}| ∼ CTN+1 (T →∞).
Remark 2.5. The statements in [Sch64] and [HS00] give more precise
estimates of the growth rate, but the above form is sufficient for our
purpose.
The following result guarantees the potential density of abelian va-
rieties.
Theorem 2.6 (cf. [Has03, Proposition 4.2]). Let A be an abelian va-
riety. Then there exists x ∈ A(K) such that Z>0x = {nx | n ∈ Z>0} is
Zariski dense.
Kawaguchi and Silverman gave the following precise description of
the zero locus of nef canonical height functions on abelian varieties,
which we will use in Section 5.
Theorem 2.7 (cf. [KS16b, Theorem 29]). Let A be an abelian variety,
f : A → A an isogeny with δf > 1, and D 6≡ 0 a symmetric nef R-
Cartier divisor on A such that f ∗D ≡ δfD. Then there is a proper
abelian subvariety B ⊂ AK such that
{x ∈ A(K) | ĥD,f(x) = 0} = B(K) + Tor(A(K)).
The following decomposition of a self-isogeny on an abelian variety
is also needed in Section 5.
Lemma 2.8 (cf. [Sil17, Proof of Theorem 2]). Let A be an abelian
variety and φ : A → A an isogeny. Then we can take two abelian
subvarieties A1, A2 of A such that we have:
• The addition map µ : A1 ×A2 → A is an isogeny.
• Ai is φ-invariant for i = 1, 2. We set φi = φ|Ai.
• 1A1 − φ1 : A1 → A1 is surjective.
• δφ2 = 1.
3. General case
In this section, we show that there are densely many K-rational
points of maximal arithmetic degree for arbitrary endomorphisms on
projective varieties.
We use the following lemma several times in the rest of this paper.
Lemma 3.1. Let X be a quasi-projective variety and f : X → X a
dominant morphism. Take an intermediate field K ⊂ L ⊂ K. Let (P)
and (Q) be conditions on a point of X(L). Assume that (P) implies
(Q). Suppose the following.
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(∗): Given finitely many points x1, . . . , xk ∈ X(L) satisfying (Q) and a
proper closed subset Y ⊂ XK , there exists a point x ∈ X(L) such that
x satisfies (P), x 6∈ Y , and Of(x) ∩ Of(xi) = ∅ for 1 ≤ i ≤ k.
Then there is a subset S ⊂ X(L) such that
(1) S is Zariski dense.
(2) Every point of S satisfies (P).
(3) Of(x) ∩Of(y) = ∅ for any distinct two points x, y ∈ S.
Proof. Let {Yi}∞i=1 be the set of all proper closed subsets of XK . By
assumption, there is x1 ∈ X(L) satisfying (P) and x1 6∈ Y1.
Assume that we have x1, . . . , xk ∈ X(L) satisfying
(i) xi 6∈ Yi for 1 ≤ i ≤ k.
(ii) xi satisfies (P) for 1 ≤ i ≤ k.
(iii) Of(xi) ∩Of(xj) = ∅ for 1 ≤ i, j ≤ k with i 6= j.
Then (∗) implies that there is xk+1 ∈ X(L) satisfying (P) such that
xk+1 6∈ Yk+1 and Of(xk+1)∩Of (xi) = ∅ for 1 ≤ i ≤ k. Continuing this
process, we obtain S = {xi}∞i=1 satisfying all the claims. 
This formulation enables us to replace a given self-morphism to its
iteration.
Lemma 3.2. Notation is as in Lemma 3.1. Further we assume that
(Q) is preserved under the action of f . If (X, fm) satisfies (∗) for some
m > 0, then (X, f) also satisfies (∗).
Proof. Take finitely many points x1, . . . , xk ∈ X(L) satisfying (Q) and
a proper closed subset Y ⊂ XK . Then f j(xi) satisfies (Q) for 0 ≤ j ≤
m − 1, 1 ≤ i ≤ k since (Q) is preserved under the action of f . By
assumption, there is x ∈ X(L) satisfying (P) such that x 6∈ Y and
Ofm(x) ∩ Ofm(f j(xi)) = ∅ for 1 ≤ i ≤ k, 0 ≤ j ≤ m − 1. Then it is
clear that Of(x) ∩ Of(xi) = ∅ for 1 ≤ i ≤ k. 
Lemma 3.3. Let X be a projective variety and D 6≡ 0 a nef R-Cartier
divisor on X. Take A > 0 and B ∈ R, and let T (D,A,B) be the set of
the points x ∈ X(K) such that [K(x) : K] has a prime number p > A
as a factor and hD(x) > B. Then T (D,A,B) is Zariski dense.
Proof. Take any proper closed subset Y of XK . Take very ample di-
visors H1, . . . , HdimX−1 such that C = H1 ∩ · · · ∩ HdimX−1 6⊂ Y . Re-
stricting D to C, we may assume that X is a projective curve and
D is ample, and it is sufficient to show that T (D,A,B) is an infinite
set. Now we can write D =
∑
i aiDi with ai > 0 and Di being ample
Cartier divisors, so we may assume that D is an ample Cartier divisor.
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Let ν : Xν → X be the normalization of X . We can take e > 0
such that [K(x′) : K(ν(x′))] ≤ e for any x′ ∈ Xν(K). Choose a
height function hν∗D associated to ν
∗D as hν∗D = hD ◦ ν. Take any
x′ ∈ T (ν∗D, eA,B). Then
[K(ν(x′)) : K] =
[K(x′) : K]
[K(x′) : K(ν(x′))]
still has a prime factor p > eA and hD(ν(x
′)) = hν∗D(x
′) > B, so
ν(x′) ∈ T (D,A,B). Therefore we have ν(T (ν∗D, eA,B)) ⊂ T (D,A,B).
So we may assume that X is a smooth projective curve.
Take a finite surjective morphism f : X → P1 with π∗O(1) ∼ mD for
some m > 0. Take e′ > 0 such that [K(x) : K(f(x))] ≤ e′ for any x ∈
X(K). Now we have mhD = h ◦ f +O(1), where h = hO(1) is the naive
height function on P1. So there isM > 0 such that |mhD−h◦f | ≤ M .
As in the previous paragraph, we have f−1(T (O(1), A,mB +M)) ⊂
T (D,A,B). Therefore we may assume that X = P1, D = O(1), and
hD = h.
Take α ∈ K such that [Q(α) : Q] = p where p is a prime number
with p > A and p > m = [K : Q]. Then p | [K(α) : K] since
m < p. But now [K(α) : K] ≤ [Q(α) : Q] = p, so [K(α) : K] = p.
There are infinitely many points in A1(K(α))\A1(K) = K(α)\K and
[K(x) : K] = p for any x ∈ K(α) \ K. So there are infinitely many
x ∈ A1(K(α)) such that [K(x) : K] = p > A and h(x) > B by the
Northcott finiteness property. 
Proof of Theorem 1.8. Taking the normalization, we may assume that
X is normal. Let D be a nef R-Cartier divisor on X such that D 6≡ 0
and f ∗D ∼R δfD. Then we have a canonical height function ĥD,f
(cf. Theorem 2.2). According to Lemma 3.1, it is sufficient to show the
following claim, where we set
• x ∈ X(K) satisfies (P) if ĥD,f(x) > 0.
• (Q) is unconditional.
Note that ĥD,f(x) > 0 implies αf(x) = δf (cf. Theorem 2.2 (4)).
Claim 1. Given finitely many points x1, . . . , xk ∈ X(K) and a proper
closed subset Y ⊂ XK , there exists a point x ∈ X(K) such that
ĥD,f(x) > 0, x 6∈ Y , and Of(x) ∩Of(xi) = ∅ for 1 ≤ i ≤ k.
Take A > 0 such that [K(x) : K(f(x))] ≤ A for any x ∈ X(K) and
[K(xi) : K] ≤ A for 1 ≤ i ≤ k. Then the set T (D,A, 0) is dense by
Lemma 3.3. So there is a point x ∈ X(K) such that [K(x) : K] has a
prime factor p > A, ĥD,f(x) > 0, and x 6∈ Y .
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Suppose Of(x) ∩ Of(xl) 6= ∅ for some 1 ≤ l ≤ k. Then there exist
N,M ∈ Z>0 satisfying fN(x) = fM(xl). Now we have
[K(x) : K] =
(
N−1∏
i=0
[K(f i(x)) : K(f i+1(x))]
)
· [K(fN(x) : K]
=
(
N−1∏
i=0
[K(f i(x)) : K(f i+1(x))]
)
· [K(fM(xl) : K].
Here [K(f i(x)) : K(f i+1(x))] ≤ A for 0 ≤ i ≤ N − 1 and [K(fM(xl) :
K] ≤ [K(xl) : K] ≤ A. So [K(x) : K] does not have p as a factor,
which is a contradiction. So Of(x) ∩ Of(xl) = ∅ for 1 ≤ l ≤ k. 
4. Unirational varieties
In this section, we prove Theorem 1.11. In fact, we prove a bit more
general statement here:
Theorem 4.1. Let X be a projective variety and f : X → X a surjec-
tive morphism with δf > 1. Assume the following condition:
(†): There is a nef R-Cartier divisor D on X such that f ∗D ∼R δfD
and for any proper closed subset Y ⊂ XK, there exists a morphism
g : P1K → X such that g(P1K) 6⊂ Y and g∗D is ample.
Then (X, f) has densely many K-rational points with maximal arith-
metic degree.
Theorem 4.1 implies Theorem 1.11 due to the following lemma.
Lemma 4.2. Let X be a unirational projective variety and f : X →
X a surjective morphism with δf > 1. Then (X, f) satisfies (†) in
Theorem 4.1.
Proof. Taking normalization, we may assume that X is normal. Take
a nef R-Cartier divisor D 6≡ 0 on X such that f ∗D ∼R δfD. Let
φ : PdK 99K X be a dominant rational map from a projective space.
Take a resolution of the indeterminacy of φ:
X˜
β

❅
❅
❅
❅
❅
❅
❅
❅
α

PdK
φ
// X
ZARISKI DENSITY OF POINTS 11
Then E = α∗φ∗D−β∗D = α∗α∗β∗D−β∗D is effective by the negativity
lemma (cf. [KM98, Lemma 3.39]). So α∗φ∗D = β∗D + E is pseudo-
effective and numerically non-trivial. Hence φ∗D is pseudo-effective
and numerically non-trivial, so ample.
As the intersection of general hyperplanes, we can take a line Z ⊂ PdK
such that Z ∩ Iφ = ∅ and φ(Z) 6⊂ Y . Set g : P1K = Z
ι→֒ PdK
φ
99K X .
Then g∗D = (φ ◦ ι)∗D = ι∗φ∗D (cf. [MSS18b, Lemma 4.7]), so it is
ample. 
Proof of Theorem 4.1. Take a canonical height function ĥD,f associated
to D. According to Lemma 3.1, it is sufficient to show the following
claim, where we set
• x ∈ X(K) satisfies (P) if ĥD,f(x) > 0.
• (Q) is same as (P).
Claim 2. Given finitely many points x1, . . . , xk ∈ X(K) satisfying
ĥD,f(xi) > 0 (1 ≤ i ≤ k) and a proper closed subset Y ⊂ XK, there
exists a point x ∈ X(K) such that ĥD,f(x) > 0, x 6∈ Y , and Of(x) ∩
Of(xi) = ∅ for 1 ≤ i ≤ k.
We can take a morphism g : P1K → X over K such that g(P1) 6⊂ Y
and g∗D is ample by Lemma 4.2. Write g∗D ∼ O(r). Then it follows
from the functoriality of height functions that there exists c > 0 such
that |ĥD,f(g(a))− rh(a)| < c for any a ∈ P1(K), where h is the natural
height function on P1. Set
V = {ĥD,f(fm(xi)) | m ≥ 0, 1 ≤ i ≤ k} ∪ {ĥD,f(x) | x ∈ g(P1) ∩ Y }
and v = {log h | h ∈ V } ⊂ R ∪ {−∞}. Write V = {h1, h2, . . .} as
satisfying h1 < h2 < · · · . Now we have
v =
k⋃
i=1
AP(log ĥD,f(xi), log δf ) ∪ (finite set).
So there exists M > 0 such that
v ∩ [M + n log δf ,M + (n+ 1) log δf ] = v ∩ [M,M + log δf ] + n log δf
for any n ∈ Z≥0. Let d′ > 1 be the number such that
log d′ = min{|α− β| | α, β ∈ v ∩ [M,M + 2 log δf ], α 6= β}.
Take d ∈ R satisfying 1 < d < d′.
Now we have
lim inf
l→∞
hl+1 − c
hl + c
= d′ > d.
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So we have log hl > M and (hl+1 − c)/(hl + c) > d for a sufficiently
large l ∈ Z>0.
Set
NK(p, q) = {a ∈ P1(K) | p ≤ h(a) < q}.
Using Theorem 2.4, there is a constant C > 0 such that
NK
(
hl + c
r
,
d(hl + c)
r
)
∼ C exp
(
2d
r
(hl + c)
)
→∞ (l →∞).
So, taking l sufficiently largely, we can take a ∈ P1(K) such that hl+c ≤
rh(a) < d(hl + c). So we have hl + c ≤ rh(a) < hl+1 − c.
Set x = g(a). Then we have
ĥD,f(x)− hl = (ĥD,f(x)− rh(a)) + (rh(a)− hl)
> −c+ c = 0
and
hl+1 − ĥD,f(x) = (hl+1 − rh(a)) + (rh(a)− ĥD,f(x)
> c− c = 0.
So hl < ĥD,f(x) < hl+1. Hence ĥD,f(f
m(x)) 6∈ V for any m ≥ 0
since v ∩ [M,∞) is log δf -periodic. Thus Of(x) ∩ Of(xi) = ∅ for
1 ≤ i ≤ k. 
5. Abelian varieties
In this section, we prove Theorem 1.12.
The following is a censequence of Faltings’s theorem.
Lemma 5.1. Let A be an abelian variety, x ∈ A(K) a point such that
Z>0x is dense, and Y ⊂ AK a proper closed subset. Then Y ∩ Z>0x is
a finite set.
Lemma 5.2. Let δ ∈ R be an algebraic number and l1, . . . , lk ∈ Z>0.
Then there exist infinitely many l ∈ Z>0 such that(
li
l
)2
6∈ δZ = {δn | n ∈ Z}.
Proof. Let R be the ring of integers of Q(δ). Then the set
P = {(0)} ∪ {p ∈ SpecR \ {(0)} | vp(li) 6= 0 for some i or vp(δ) 6= 0}
is finite. Take p ∈ SpecR\P. Now p∩Z = (p) for some prime number
p. Let l be any member of (p). Then we have
vp
((
li
l
)2)
6= 0 = vp(δn).
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for any 1 ≤ i ≤ k and n ∈ Z. So the assertion follows. 
Proof of Theorem 1.12. Set δ = δf and f = τa ◦ φ where φ : A→ A is
an isogeny and τa : A → A is the translation by a ∈ A(K). Applying
Lemma 2.8, there are abelian subvarieties A1, A2 ⊂ A such that
• The addition map m : A1 ×A2 → A is an isogeny,
• Ai is φ-invariant for i = 1, 2 (we set φi = φ|Ai),
• 1A1 − φ1 : A1 → A1 is surjective, and
• δφ2 = 1.
Write a = a1+a2 where ai ∈ Ai(K) (i = 1, 2) and take b ∈ A1(K) such
that b− φ1(b) = a1. Now we have the following commutative diagram:
A1 × A2 φ1×f2 //
τb×1A2

A1 × A2
τb×1A2

A1 × A2 f1×f2 //
µ

A1 × A2
µ

A
f
// A
Here µ : A1 ×A2 → A is the addition map. Note that δ = δf1 = δφ1 .
Take a point x ∈ A1(K) such that Z>0x is Zariski dense in (A1)K
(cf. Theorem 2.6). Extending K if necessary, we may assume that all
concerned are defined over K. Let z = lx + b + y where l ∈ Z>0 and
y ∈ A2(K). Now we have αφ1(lx) = δ since ĥD,φ1(lx) = l2ĥD,φ1(x) and
ĥD,φ1(x) > 0 thanks to Theorem 2.7. We compute
αf(z) = αφ1×f2(lx, y)
= max{αφ1(lx), αf2(y)}
= max{δ, 1} = δ.
So, according to Lemma 3.1, it is sufficient to prove the following claim,
where we set
• z ∈ A(K) satisfies (P) if z = lx + b + y for some l ∈ Z>0 and
y ∈ A2(K).
• (Q) is same as (P).
Claim 3. Given finitely many points z1, . . . , zk ∈ A(K) such that zi =
lix + b + yi (li ∈ Z>0, yi ∈ A2(K)) for 1 ≤ i ≤ k and a proper closed
subset Y ⊂ AK , there exists a point z ∈ A(K) such that z = lx+ b+ y
(l ∈ Z>0, y ∈ A2(K)), z 6∈ Y , and Of(z) ∩Of(zi) = ∅ for 1 ≤ i ≤ k.
Set Y˜ = µ−1(Y ) and V = π1(Y˜ ), where π1 : A1 × A2 → A1 is the
first projection. By Lemma 5.1 and Lemma 5.2, we can take l ∈ Z>0
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such that (l/li)
2 6∈ δZ for 1 ≤ i ≤ k and lx 6∈ V if V 6= A1. Extending
K to make A2(K) Zariski dense, we can take y ∈ A2(K) as satisfying
• y is arbitrary if V 6= A1, and
• (lx+ b, y) 6∈ Y˜ if V = A1.
Then z = lx+ b+ y 6∈ Y .
Finally suppose fm(zi) = f
n(z) for some m,n ≥ 0 and 1 ≤ i ≤ k.
This means that
(φm1 (lix) + b, f
m
2 (yi))− (φn1 (lx) + b, fn2 (y)) ∈ Kerµ.
Now Kerµ is a finite subgroup of A1 × A2, so
N ((φm1 (lix) + b, f
m
2 (yi))− (φn1 (lx) + b, fn2 (y))) = 0
for a positive integer N . In particular, Nφm1 (lix) = Nφ
n
1 (lx). Substi-
tuting this equality to ĥD,φ1, we have
N2δml2i ĥD,φ1(x) = N
2δnl2ĥD,φ1(x).
Thus (l/li)
2 = δm−n, a contradiction. So the claim follows. 
6. P1-bundles over elliptic curves
By the potential density of abelian varieties, projective bundles over
abelian varieties are also potentially dense. We show the density of
rational points with maximal arithmetic degree for P1-bundle over el-
liptic curves. We refer to Section 5 and 6 of [MSS18a] for the properties
of self-morphisms of P1-bundles over elliptic curves.
Theorem 6.1. Let π : X → C be a P1-bundle over an elliptic curve
C and f : X → X a surjective morphism with δf > 1. Then there is a
finite extension L ⊃ K such that (X, f) has densely many L-rational
points with maximal arithmetic degree.
Proof. Every fiber of π is mapped onto a fiber by f . So f induces a
self-morphism g : C → C satisfying π ◦ f = g ◦ π.
Case 1: δf = δg (= δ).
Theorem 1.12 implies that there exist a finite extension L ⊃ K and a
subset T ⊂ C(L) such that
(1) T is Zariski dense.
(2) αg(y) = δ for any y ∈ T .
(3) Of(y) ∩ Of(y′) = ∅ for any distinct two points y, y′ ∈ T .
Let {Yn}∞n=1 be the set of all proper closed subsets of XK . For each
n ∈ Z≥1, take xn ∈ X(L) inductively as follows: if π(Yn) = C, take any
y ∈ T \ {π(x1), . . . , π(xn−1)} and take xn ∈ Xy(L) satisfying xn 6∈ Yn;
if π(Yn) 6= C, take y ∈ T \ {π(x1), . . . , π(xn−1)} satisfying y 6∈ π(Yn)
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and take any xn ∈ Xy(L). Then the set S = {x1, x2, . . .} satisfies the
claim.
Case 2: δf > δg.
Write X = P(E), where E is a locally free sheaf of rank 2 on C. We
may assume that H0(C, E) 6= 0 and H0(C, E⊗L) = 0 for any invertible
sheaf L on C with degL < 0. Let e = − deg E and C0 a section of π
such that OX(C0) ∼= OX(1) (see [Har77, V. Proposition 2.8]). Let F
be a fiber of π.
Case 2.a: E is decomposable i.e. E ∼= OC ⊕ L for an invertible sheaf
L on C.
Then D0 = eF + C0 is a nef Cartier divisor satisfying f
∗D0 ≡ δfD0
(see [MSS18a, Lemma 5.9 and Lemma 5.10]). We can take a nef R-
Cartier divisor D ≡ D0 satisfying f ∗D ∼R δfD by Theorem 2.1 (2).
Now D has positive intersection number with any fiber of π. Hence
(X, f) satisfies the assumption (†) of Theorem 4.1 and so the assertion
follows by Theorem 4.1.
Case 2.b: E is indecomposable.
Then E is semistable (see [Muk02, 10.2 (c), 10.49]). Applying [Ame03,
Theorem 2 and Proposition 2.4] and [MSS18a, Lemma 6.3], there is an
endomorphism q : C → C such that the base change π′ : X ′ → C of
π : X → C along q is a P1-bundle defined by a decomposable locally free
sheaf and there is a morphism g′ : C → C satisfying q ◦ g′ = g ◦ q. Let
π′ : X ′ → C and p : X ′ → X be the projections. By the universality of
cartesian products, a morphism f ′ : X ′ → X ′ satisfying p ◦ f = f ′ ◦ p
and π′ ◦ f ′ = g′ ◦ π′ is induced. By Lemma 2.3, this case is reduced to
Case 2.a. 
Appendix A. On a theorem of Kawaguchi–Silverman
Notation and conventions in this appendix are as above. Other no-
tation follows [KS14]. In this appendix, we show the following.
Theorem A.1 (cf. [KS14, Theorem 3]). Let f : A2K → A2K be a domi-
nant rational map with δf > 1. Assume that either of the following is
true:
(a) fm is algebraically stable for some m > 0.
(b) f is a quadratic map.
Then there is a finite extension field L ⊃ K such that (A2K , f) has
densely many L-rational points with maximal arithmetic degree.
In the above setting, Kawaguchi and Silverman showed that (A2K , f)
has densely many K-rational points with maximal arithmetic degree
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([KS14, Theorem 3]). So Theorem A.1 is a stronger version of [KS14,
Theorem 3].
A.1. Preparatory results. Here we collect some preparatory notions
and results.
Definition A.2. Let f : ANK → ANK a dominant morphism with δf >
1. For P = (x1, x2, . . . , xN) ∈ AN(K) and v ∈ MK , we define λv :
AN(K)→ R and λf,v : AN(K)→ R ∪ {∞} by
λv(P ) = logmax{‖x1‖v, ‖x2‖v, . . . , ‖xN‖v, 1},
λf,v(P ) = lim inf
n→∞
δ−nf λv(f
n(P )).
Remark A.3. If λf,v0(P ) > 0 for some v0 ∈MK , then
h(fn(P )) =
∑
v∈MK
λv(f
n(P )) ≥ λv0(fn(P ))  δnf .
Hence we have
δf ≥ αf (P ) ≥ αf(P ) ≥ δf ,
where the first inequality is a result of [Mat16]. Therefore αf(P ) = δf
in this case.
Lemma A.4. Let d ∈ Z>1 and l1, . . . , lk ∈ Z>0. Then there exist
infinitely many l ∈ Z>0 such that
li
l
6∈ dZ = {dn | n ∈ Z}.
Its proof is similar to Lemma 5.2.
Proposition A.5. Let v ∈ MK be a non-archimedean place. Fix an
element πv ∈ K such that ‖πv‖v = maxy∈mv ‖y‖v, that is, πv is a
uniformizer of Rv. For a = (a1, a2, . . . , aN ) ∈ ZN , let
Ua =
{
(x1, x2, . . . , xN) ∈ AN(K) | ‖xi‖v = ‖πv‖aiv (1 ≤ i ≤ N)
}
.
Then for any a ∈ ZN , Ua is Zariski dense in PNK.
This proposition follows immediately from the following lemma.
Lemma A.6. Let S1, . . . , SN be infinite subsets of K. Then S =∏N
i=1 Si is Zariski dense in A
N
K
.
Proof. It is enough to show that for any nonzero polynomial f ∈
K[X1, X2, . . . , XN ], there is a point (a1, a2, . . . aN) ∈ S where f does
not vanish. We prove the assertion by induction. If N = 1, the asser-
tion is trivial, since the number of zeros of f is finite.
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In general, write
f(X1, . . .XN) =
d∑
i=0
fi(X2, X3, . . .XN )X
i
1
with fi ∈ K[X2, X3, . . .XN ]. By the induction hypothesis, we can
find (a2, a3, . . . aN) ∈
∏N
i=2 Si at which fd does not vanish. So the
polynomial f(X1, a2, a3, . . . , aN ) is non-zero. Hence by the induction
hypothesis for N = 1, we can find a1 ∈ S1 such that f(a1, a2, . . . , aN) 6=
0. 
A.2. Algebraically stable case. For a self-morphism f : ANK → ANK ,
we write f also for the extension of f to the rational map PNK 99K P
N
K
by abuse of notation. The following proposition is a generalization of
[KS14, Lemma 21], which is used several times in the proof of Theorem
A.1 (a).
Proposition A.7. Let f : ANK → ANK be a dominant morphism with
δf > 1. Assume that f
m is algebraically stable and has a fixed point
Q0 ∈ PN(K)\AN (K) for some m ≥ 1. Then (ANK , f) has densely many
K-rational points with maximal arithmetic degree.
Proof. We devide the proof into two steps.
Step 1. First we take a suitable v ∈ MK and a v-adic neighborhood
U ⊂ PN(Kv) of Q0 satisfying the following properties:
(i) fm(U ∩ AN(Kv)) ⊂ U ∩ AN(Kv).
(ii) αf (P ) = δf for any U ∩ AN(K).
Set g = fm. Let [X1 : X2 : · · ·XN : W ] be homogeneous coordinates
of PNK and identify A
N
K with the locus {W 6= 0}. Conjugating g by a
linear transformation, we may assume Q0 = [1 : 0 : · · · : 0]. Since Q0 is
fixed by g, we can write g as
[aX l1 +G1(X,W ) : G2(X,W ) : · · · : GN(X,W ) : W l],
where l = deg g, a 6= 0, and Gi (1 ≤ i ≤ N) are elements of the ideal
(X2, . . . , XN ,W ) of K[X1, . . . , XN ,W ]. Take v ∈MK such that the all
coefficients of g are in R∗v, and consider the locus
U =
[x1 : · · · : xN : w] ∈ PN(Kv)
∣∣∣∣∣∣ x1 6= 0, ‖w/x1‖v < 1,‖xi/x1‖v < 1 (2 ≤ i ≤ N)
 .
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Then it follows by an easy calculation that g(U) ⊂ U (cf. [KS14,
Proof of Lemma 21]). One can see that
U∩AN (Kv) =
(x1, x2, . . . xN) ∈ AN(Kv)
∣∣∣∣∣∣ ‖x1‖v > 1,‖x1‖v > ‖xi‖v(2 ≤ i ≤ N)
 ,
so λv(P ) = log ‖x1‖v > 0 for any P ∈ U ∩ AN(Kv).
Now we have
λv(g(P )) = δgλv(P ) for P ∈ U ∩ AN(Kv)
(cf. [KS14, Proof of Lemma 21]). So λg,v(P ) = λv(P ) > 0 for any
P ∈ U ∩ AN(Kv). Then it follows that αg(P ) = δg for any P ∈
U ∩AN(K) (cf. Remark A.3). Since αg(P ) = αf(P )m and δg = δmf , we
have αf(P ) = δf for any P ∈ U ∩ AN (K).
Step 2. According to Lemma 3.1 and Remark A.3, it is sufficient to
prove the following claim, where we set
• x ∈ AN (K) satisfies (P) if x ∈ U .
• (Q) is unconditional.
Claim 4. Given finitely many points P1, . . . , Pk ∈ AN(K) and a proper
closed subset Y ⊂ AN
K
, there exists a point P ∈ U ∩ AN(K) such that
P 6∈ Y and Of(P ) ∩Of(Pi) = ∅ for 1 ≤ i ≤ k.
Using Lemma 3.2, we may assume m = 1. Replacing Pi with the first
point of Of(Pi) that is included in U or otherwise excluding Pi for each
i, we may assume Pi ∈ U for every i. Fix a uniformizer πv ∈ K of Rv.
Let li = λv(Pi)/(− log ‖πv‖v) ∈ Z>0 (1 ≤ i ≤ k). By Lemma A.4, there
exists l > 1 such that li/l 6∈ dZ. Consider the set
U (l) :=
(x1, x2, . . . , xN ) ∈ AN(K)
∣∣∣∣∣∣ ‖x1‖v = ‖πv‖−lv and‖πv‖−lv > ‖xi‖v ≥ 1 (2 ≤ i ≤ N)
 .
Note that U (l) ⊂ U ∩ AN(K). The set U (l) is Zariski dense by Propo-
sition A.5, so there is an element P ∈ U (l) \ Y . Then we have
λv(Pi)
λv(P )
=
λv(Pi)
− log ‖πv‖v ·
− log ‖πv‖v
λv(P )
=
li
l
6∈ ±dZ,
so Of(P ) ∩Of(Pi) = ∅ for 1 ≤ i ≤ k.

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Proof of Theorem A.1 (a). We prove Theorem A.1 (a) along [KS14,
Proof of Theorem 18 (a)]. Let d = deg f . We write f in homogeneous
coordinates as
f([X : Y : Z]) = [F (X, Y ) + ZF1(X, Y, Z) :
G(X, Y ) + ZG1(X, Y, Z) : Z
d],
where at least one of F and G is nonzero, since f has degree d. Chang-
ing coordinates, we may assume F 6= 0.
Let H = gcd(F,G) ∈ K[X, Y ], and write F = HF0 and G = HG0.
Set V = {Z = 0} = P2K \A2K . Since we have
degF0 = degF − degH = d− degH = degG− degH = degG0,
we have a well-defined map
φ = [F0, G0] : V −→ V.
Case 1: degF0 ≥ 2.
Since the degre of φ is at least 2, it has infinitely many periodic points
in V (K). Hence there are infinitely many periodic points of f in V (K).
By taking a finite extension L of K, we can get a periodic point Q0 ∈
V (L). Hence we can apply Proposition A.7.
Case 2: degF0 = 0.
By conjugating f by an automorphism, we may assume that f is of the
form
f([X : Y : Z]) = [H(X, Y ) + ZF1(X, Y, Z) : ZG1(X, Y, Z) : Z
d].
(cf. the proof of [KS14, Theorem 18 (a)] for details.)
Case 2.a: H(1, 0) = 0.
In this case, any positive power of f is not algebraically stable (cf. the
proof of [KS14, Theorem 18 (a)]), which cannot happen.
Case 2.b: H(1, 0) 6= 0.
The map f is defined at [1 : 0 : 0], and [1 : 0 : 0] is a fixed point of f ,
so we can apply Proposition A.7.
Case 3: degF0 = 1.
In this case, after a change of coordinates of P2 mapping the line at
infinitiy to itself, the map φ may be put into one of the following two
forms:
φ(X, Y ) = [aX : Y ] or φ(X, Y ) = [X + bY : Y ] with a, b ∈ K.
Let v be a non-alchimedean place of K such that the nonzero co-
ordinates of H,F0, F1, G0, and G1 have v-adic absolute value 1. Then
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consider the v-adic open set
U =
{
P = [x : y : z] ∈ P2(Kv) | |x|v > |y|v > |z|v and |y|dv > |x|d−1v |z|v
}
.
For a point P = [α : β : 1] ∈ U ∩ A2(K), we can write |β|v = R,
|α|v = RS with R > 1, S > 1, and R > Sd−1 by the condition of U .
Let f(P ) = [α′ : β ′ : 1].
Case 3.a: φ = [aX : Y ].
In the proof of [KS14, Theorem 3], it is showed that f(U) ⊂ U , |α′|v =
RdSk+1, and |β ′|v = RdSk, where k is the smallest integer such that
the coefficient of XkY d−1−k of H is non-zero. The last two equalities
imply αf (P ) = d for all P ∈ U ∩ A2(K).
According to Lemma 3.1, it is sufficient to show the following claim,
where we set
• x ∈ A2(K) satisfies (P) if x ∈ U .
• (Q) is same as (P).
Claim 5. Gven finitely many points P1, . . . , Pk ∈ U ∩ A2(K) and a
proper closed subset Y ⊂ A2
K
, there exists a point P ∈ U ∩A2(K) such
that P 6∈ Y , and Of(P ) ∩Of(Pi) = ∅ for 1 ≤ i ≤ k.
Write Pi = (αi, βi), |αi|v = RiSi and |βi|v = Ri with Ri > 1, Si >
1, and Ri > S
d−1
i . Now let S > 1 be a value of | · |v which is different
from Si (1 ≤ i ≤ k). Fix a value R > 1 of | · |v satisfying R > Sd−1.
Now pick a point P = (α, β) ∈ U ∩ A2(K) such that |α|v = RS,
|β|v = S, and P 6∈ Y . Note that such a point exists by Proposition
A.5. Now note that the value |α′/β ′|v is constant for any point (α′, β ′)
on the forward f -orbit of a point of U . So we have Of(P )∩Of(Pi) = ∅
for 1 ≤ i ≤ k.
Case 3.b: φ = [X + bY : Y ].
In this case, the equality |β ′|v = |β|dv is proved in the proof of [KS14,
Theorem 3 (a)]. This allows us to show the assertion in a similar way
as the proof of Proposition A.7. 
A.3. Quadratic case.
Proof of Theorem A.1 (b). By the result of [Gue04], algebraically non-
stable quadratic map f : A2K → A2K is conjugated by a K-linear auto-
morphism φ of A2
K
to one of the following maps:
Case 1.1. f(x, y) = (y + c1, xy + c2) with c1, c2 ∈ K,
Case 3.1. f(x, y) = (y, x2 + ax+ c) with a, c ∈ K, or
Case 3.2. f(x, y) = (ay + c1, x(x− y) + c2) with a ∈ K∗, c1, c2 ∈ K.
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We prove the assertion by referring to the calculations in the proof of
[KS14, Theorem 18 (b)] and case by case analyses. Replacing the base
field K by a finite extension, we may assume that φ and the resulting
morphism f are defined over K. Take v ∈MK such that all coefficients
of f are in R∗v.
Case 1.1: f(x, y) = (y + c1, xy + c2) with c1, c2 ∈ K.
For P = (x, y) ∈ A2(K) with |x|v = |y|v > 1. In the case 1.1 of the
proof of [KS14, Theorem 18 (b)], it is proved that
λf,v(P ) =
δ2f log |x|v√
5
> 0.
Hence the same argument as in Step 2 of the proof of Proposition A.7
works.
Case 3.1: f(x, y) = (y, x2 + ax+ c) with a, c ∈ K.
In this case, f 2(x, y) = (x2+ ax+ c, y2+ ay+ c) is algebraically stable.
So it is reduced to Theorem A.1 (a).
Case 3.2: f(x, y) = (ay + c1, x(x− y) + c2) with a ∈ K∗, c1, c2 ∈ K.
For P = (x, y) ∈ A2(K) with 1 < |x|v < |y|v. In the case 3.2 of the
proof of [KS14, Theorem 18 (b)], it is proved that
λf,v(P ) =
δ2f log |y|v√
5
> 0.
Hence the same argument as the Step 2 in the proof of Proposition A.7
works.

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